We consider a mixed finite element method for finding approximations of the displacement and moments in a thin elastic-perfectly plastic plate. Under some weak assumptions concerning the regularity of the exact solution, we prove an error estimate for the moments.
1. Introduction. The purpose of this note is to prove an error estimate for a finite element method for thin elastic-perfectly plastic plates in the case of Hencky's law of plasticity. We shall consider a mixed finite element method, introduced by Herrmann [5] and Hellan [4] , based on a piece wise constant approximation of the moments and piecewise linear approximation of the displacements. An analysis of this method, in the case of elastic plates, can be found in Brezzi and Raviart [1] and Johnson [6] . The results of this note can be extended to the case of quasi-static evolution following the argument in Johnson [8] . For numerical results and practical experience of this method, we refer to Backhand [2] .
We shall use the following notation: let fi be a bounded Lipschitz region in R2.
For k a natural number and 1 < q < °°, let Wk,q be the Sobolev space with norm Wv\\k,q = ( Z f \D«v\«dx)llq, 2. The Plasticity Problem. Consider a clamped isotropic elastic-perfectly plastic plate occupying the region £2 in R2, subject to a transversal load /€ ¿2(£2). Suppose that the set of plastically admissible moments t = {t,-.}, i, j = 1, 2, is given by B = {t£R4: F(r) < 1}, where F: R4 -► R is continuous, convex and F(0) = 0.
Since the plate is isotropic, we may assume that F is invariant under changes of coordinates, i.e., F(t) depends only on the eigenvalues of the symmetric matrix (t¿).
Define H= {r= {r¡7}: r,7 GZ.2(Í2), i, j = 1,2, tX2 = t2X], (a,r) = f oijTijdx, ||r|| = (x, t)v\ a,TeH,
P= {r G ZZ: t(x) G B a.e. in Í2}, Dt = t,7 ,7, ? = {r G P: Dt G ZT!}, E(t) = {t & H: Dt = tf\, t>0,
We note the following Green's formula: For v G H2^, and 7 G H with Z)r G L2(íl), one has (2.1) (ü,Dr) = (e(u),T), where e(u)= {»"}.
The problem of finding the moments a and displacements u in the elasto-plastic plate can be formulated as follows:
Find (o, u) G P x HlQ such that
Existence of a solution of this problem can be proved under the following hypothesis:
(H-l ) There exists x G E and 5 > 0 such that (1 + 6)x G P.
On the other hand, £(1 + S) =£ 0 for some 5 > 0 means that / is not a limit load (see [10] ). Thus (H-l) is a "safe load hypothesis". Theorem 1. Z/(H-1) holds, then there exists (a, u) G P x H^ satisfying (2.2). Moreover, a is uniquely determined.
Remark 2. One can also show that u G ¿°°(Í2).
Proof of Theorem 1. The uniqueness of a follows easily. To prove the existence, we shall apply the technique used in [7] . we thus obtain the a priori estimates
where C does not depend on p and ¡a Next, using (H-l) as in [7] , we see that there exists a positive constant ß depending only on 5 and B such that iWXJII, <(J'ß(oßV),aßV-X)<C.
Thus, by (2.3a) and (2.5), we have l|e(wMi,)||1 < C, so that by Sobolev's embedding theorem,
Letting first v and then p tend to zero, using (2.5)-(2.8) and (2.1), we finally obtain (a, u) G P x Hq satisfying (2.2). This completes the proof of the theorem. □
The above existence result is slightly too weak to permit a discretization using the mixed finite element of Herrmann. To this end, we shall need the following hypothesis concerning the function m G ZZ¿ n Z.°°(fi) given by Theorem 1:
Remark. Note that it is not true in general that u G H^ since u t may be discontinuous. To indicate what can happen, we give the following one dimensional example:
We check that, for 0 </< 3, the solution is elastic u = ¿(l-x)2(l +x)2, * = ¿(*2-f),
and that, for 3 </< 4, the solution is elastic-plastic
where c = 5 -12//and b = 1 -2//. Note that at points x (unknown beforehand)
where \o(x)\ = 1, the control of du/dx is lost; in the example, the boundary condition dui±l)¡dx = 0 is not satisfied for 3 </< 4. More generally, du/dx may be discontinuous at points where the plasticity condition \a(x)\ = 1 is active. Proof. Choosing X/, = w^x. we have xft E Eh. Further, by standard interpolation theory (cf. [1] , [6] ), ||x -X/,11.» -y 0 as h -►> 0, which proves the desired result. D
The error estimate will be expressed in terms of the quantity To prove this estimate, we shall need the following two lemmas. By C we will denote a positive constant, independent of h, not necessarily the same at each occurrence. where X, and X2 are the eigenvalues of the symmetrix matrix (t,-.) (see [10] ).
Proof of Lemma 4. Let r EPh be given. Using (H-4), we first construct an extension r of r to a polygonal domain Í2 D Í2 in such a way that t(x) E B, x E Í2, and Dt EM(Q.) (for details, see [11] ). Then, we regularize t by convolving with a smooth function tfir defined by ^(jc) = r~2ip(x/r), where tp G C^iR2), <p is positive and the mean value of </> is equal to one. For the regularized function, we can then use (2.2a); and passing to the limit as r -► 0, we obtain (3.8). We leave the details to the inter- where uh E Vh interpolates u at the nodes Uh. Therefore, by well-known interpolation theory, (3.12) A3 = («" -«,/)< 11/11 \\u -uh\\ < Ch\\f\\ ||«||12 < On.
Combining (3.9)-(3.12), we then obtain the statement of the theorem. D Corollary. Z/(H-l)-(H-4) hold and oEW1'1 n C(ñ), then \\o -ah\\ -> 0 as h ->■ 0. 
